STAT 460/560 Class 23: More on Nuisance Parameters and
Orthogonality

Ben Bloem-Reddy

Today we’ll look at a specific example of the general result we established last class. Before starting on
that, let’s recall a very useful property of conditional expectation. Suppose X and Y are R-valued random
variables, each with finite expectation. Recall that for any measurable function z — f(x) € R,

E[f(X)(Y - EY|X])] = E[f(X)E[(Y - E[Y|X])|X]] = 0. (23.1)

Heuristically, one can think of E[Y'|X] as the projection of Y onto the space of functions of X, and Y —E[Y | X]
as orthogonal to the functions of X. (This can be made precise using Hilbert space projections. See, for
example, [Cinl1].)

Hence, we can always write
Y=m(X)+e, FElX]=0, (23.2)

for some function m that we interpret as m(X) = E[Y|X].

1. Partially linear regression model

Suppose that we're interested in estimating the effect of a treatment, X, on a health outcome, Y, but that
we need to control for possible confounding with variables W. Moreover, assume that the data obeys the
partially linear model (PLM),

Y =00X + 9y (W) +e, ElX,W]=0. (23.3)

Activity 23.1. Show that

o x(y —Ox — gn(w))
Yon(w, z,y) = (w(y — 0z — gn(“’»)

defines a Z-estimator, i.e., show that Py, ,, = (0,0)7.

Solution: Since we're assuming the PLM, we see that the first component is
[Ptgy,molr = E[X (00X + gy (W) + € = 00X — g, (W))] = E[Xe] =0
Similarly, the second component is easily shown to be E[We| = 0.

In this situation, we don’t really care about the value of 1; we just want to estimate 6 well. One can show
that
T [ E[¢¢X?] E[eXW]

P(w@o,noweo,n0> - (E[EzXW] E[€2W2] ) (234)
and assuming that at each w, the function 7 — g,(w) is differentiable (with derivative g, (w)) in a neighbor-
hood of 7y,

v (EXY Bl (W)X]
o-1o EXW]  Elgn,(W)W]) ~



so that

v L (E@mﬂVﬂV] —Emmavxxg
%m0 = BIX2] By, (W)W] — BIXWIE[Gy, (W)X] \ —E[XW] BIX?

Assuming further that E[e2|X, W] = 02, the marginal asymptotic variance of \/n(6, — 6p) is

2 EIXZ]E[gy, (W)W + E[W2|Egy, (W) X]? — 2E[XW]E[gy, (W)W]E[gy, (W) X]

o) =0 (BIX2] B[y (W)W] — EIXW]E[G,, (W) X])? (23.5)
02 E[g% (W)W]
E[X2]E [y (W)W] — E(XW]E[G, (W)X]
+ 2 Elin V) X)EW )5l (V)] — ELXW 5[, (V1) 36)
(BX2]Elgyy (W) W] — ELXW]E[Gy, (W) X])?

Exercise 23.1. Derive the expressions above for P (g, ., 1/15';”]0), Voo,no» and Vgglno. Use them to obtain

2
0'00.

Exercise 23.2. Show that if E[X|W] = oW and g,(W) = nW then

0.2

70() = BXe— BB

2. Orthogonal estimation of the PLM

All of the above is rather involved, and we get a complicated expression for the asymptotic variance ago. We
also pay a price for estimating 7y, though it’s not clear how much without more explicit assumptions.

Instead, let’s estimate the conditional expectations h~, (W) = E[Y|W] and mg, (W) = E[X|W], and consider
the function

Vo,y.5(w, z,y) = (y — hy(w) = 0z — mp(w)))(x — mp(w)) . (23.7)
Where does this come from? Observe that in the PLM,

BlY[W] = hyo (W) = 0 E[X|W] + Egy,(W)|W] + Ele|W]
= Oomg, (W) + g, (W) + 0,

so that
Y — hyy (W) = 00(X —mp,(W)) + €. (23.8)
Rewriting as “residuals,” Y =Y — h., (W) and X = X — mg, (W), we have
Y = 60X +¢,
which can be estimated using the function ¥y (&, %) = Z(§ — #Z). This is equivalent to (23.7).

Back to (23.7), we see that

Poy,p = El((60 = 0)X + 9o (W) = hy (W) + 0ms(W))(X — mp(W))] (23.9)



Activity 23.2. Show that Pty ~,.3 = 0.

Solution: Using the expression above,

Pwao,’mﬁo = E[(gﬂo(W) - h’Yo (W) + oomﬁo (W))(X — Mg, (W))] ¢

Since the terms in the first parentheses are all functions of W, and mg, (W) = E[X|W], this is equal to
zero by (23.1).

Activity 23.3. Assume that 5 — mg(w) has derivative 1g(w) for each w, and similarly for v — h. (w).
Moreover, assume that we can interchange differentiation and expectation in (23.9).

Show that B—%ngo’%ﬁo = %Pweoﬁo,ﬁo =0.
Show that 2 Ptg,,~0,8, = —E[(X — mg,(W))?].
Show that P(z/)gomﬂo) = E[e3(X — mg,(W))?].

Solution: We find that
0

op

The first term is zero by (23.7), but the second term appears problematic. However, by rearranging
(23.8), we see that

P 0,80 = Elborig, (W)X = mgy(W))] = El(gno (W) = Fyo (W) + Gomg, (W))rivg, (W] -

Y = h’)’o (W) + 00(X — Mg, (W)) +e=00X + h’YO(W) - Gomﬁo (W) +e
=60 X + gn,(W) + €.

Conditional expectations are unique up to null sets, so it must be that g,, (W) = hy, (W) — domg, (W)
almost surely. Making this substitution in the derivative above, we find that

g%Pwmwﬂo=—EK%JWU—hWUV%+%m%GV»m%UVﬂ=0-
Similarly,
5 Pt = =Bl (W)X = s, (W))] 0.
Moreover,

0
%Pd}%ﬂoﬁo = 7E[(X - mﬁo(W))z] °

Finally, some algebra yields P(d}goy’yoﬁo) = E[e*(X — mg,(W))?].
Theorem 22.1 from last class then tells us that as long as v/n((9n, Bn) — (70, 80)) = Op(1) then

Vil =) = B v 2 Yoo (71 X0 0 ()

o BIEX = mg (W)
Nohma—m%mww>'




If we also assume that E[e?|X, W] = o2 then this becomes

V(0 = 0o) ~ N (0’ E[(X — mgo(W))2]> '
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