STAT 460/560 Class 22: Asymptotic Normality of Z-estimators
with Nuisance Parameters

Ben Bloem-Reddy

Reading: Chapter 5.4, [van98].

Last time, we worked through an extended example in which we applied the abstract results for Z-estimators
to the problem of non-linear least-squares regression. In many cases of practical importance, interest is in
one parameter, say 6, but in order to get accurate estimates for § we need to estimate another parameter(s),
7. This situation arises, for example, in the estimation of causal effects, in which 6 is a parameter that
represents the causal effect of interest (say the effect of a treatment X on an outcome Y'), and 7 corresponds
to covariates and/or confounders Z that must be accounted for.

Theorem 22.1. Let § € R¥, 1) be an element of a metric space. For each (0,n), let x +— g, (z) be a
function taking values in R* such that the class of functions {1, [0 — 00|l < 8,d(n,m0) < 0} is sufficiently
regular for some § > 0. Assume that Pig, n, = 0, and that the maps 6 — Py, are differentiable at 6o,
uniformly in 1 in a neighborhood of ny with nonsingular derivative matrices Vg, such that Vo, — Vg -

If \/ﬁpn'lpémﬁn = OP(l) and (énaﬁn) — (90,770), then

V(B —00) =~V VPV, = Vo o VI V60,00 (Xi) + 0p (14 v/l Py i, 11) (22.1)
=1

Proof. The proof largely follows the same structure as our proof from Class 20, but we need to take care to
keep track of the nuisance parameters and their estimator.

The assumed regularity of 1, ¢ allows us to use results from Chapter 19 that imply that
V(P o = P o) = Vi Patbggme — Pibay.ng) =0 . (22.2)

Let’s look at the first term. By assumption, \/ﬁlf’nz/)é =op(1), so

"L7ﬁ7l
ﬁ(pn¢én,ﬁn =Py, 5.) = *\/ﬁpipémn +op(1)

= Vn(Poys, — P, 5 ) — VnPo,, +op(1)

= V1V, (00 — 0n) — /P, 4, + op(L + v/nll0 — Oal]) -

Combining this with (22.2) (which implies that \/H(Pnz/)émﬁn =Py 5 )= ﬁ(ﬁn¢0o,no — Py, n,) +opr(1)),
we have

\/ﬁ(fjnweo,no — Ptgy o) + 0p(1) = /nVy, i, (60 — 0,) — VP, 5, +op(1++/nll6y — Onll) .

and therefore

ﬂ(én - 60)

_Va;,lﬁn \/ﬁpweoﬁn - Vv&;,lﬁn \/E(in%,no - Pqﬁ@oﬂ]o) + OP(l + \/EHQQ - én”)
= Voo VP00, = Voo o VI Putag e + 0P (1 + /1|00 = 0 )
+ Vaamo = Vogiin) (VLP 4.3, + V1 Pabg o) -

N— —_—

=op(1) Op(1)

! Namely, it is Donsker (see van der Vaart [van98], Chapter 19) and P|[vg,, — tg,,n,l|* = 0 as (6,m) — (60, m0)-



Finally, the result follows by showing that

V|0 — 0,]/(1+ 0p(1)) < Op(1) + v/nPye, 4, - (22.3)

Exercise 22.1. Show that (22.3) holds.

Compared to the asymptotic normality of Z-estimators without nuisance parameters, we typically pay the
cost of extra variance from estimating 7. Even in the nice case in which /n||Pty, .| = Op(1), and
Vn(i, —no) ~ N(0,%,,), and n — Py, ,, is differentiable at ny with derivative Wy, ,,,, the limiting

distribution of \/n(6,, — 6p) is

\/ﬁ(én —bo) = —%T;W(;O’m\/ﬁ(ﬁn — o) — Vejnl\/ﬁz Yoo, (Xi) +op(1+ \/ﬁ”Pw(’o,ﬁn () (22.4)
=1

~ N (07 ‘/0;71W907770 Z770 WeTo,Tio (‘/:9T7;1)T + Vvejnlp(wgomowgg,no)(‘/ejnl)—r) ) (225)

which amounts to additional variance coming from the estimation of 7.

However, if we’re clever and/or lucky, we can set things up so that Wy, ,, = 0.

Activity 22.1. Suppose that X; € R, with density symmetric about g, so that p(z—6y) = p(—(z—¥0o)).
Let ¢(+) be an odd function that satisfies the necessary assumptions above, with 6,, obtained from

estimation equations
1 & X, —6
n w ( ) ) ’

and 7, is a \/n-consistent estimator of the scale of the data.

Show that the “additional asymptotic variance” from estimating 7 is zero.
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