STAT 460/560 Class 12: Asymptotic Normality of of M- and
Z-estimators

Ben Bloem-Reddy

Reading: Chapter 5.3, [van98].

Last time, we established consistency for M- and Z-estimators under a couple of different conditions. Today,
we’ll look at asymptotic normality. Following van der Vaart, we’ll start with Z-estimators. Recall that a
Z-estimator 6,, solves

= > (X0 = Py = 0.
i=1

We'll assume that Py, = 0, so that 6 is (asymptotically) the value of § to which 0,, converges.

Classically, one assumes that 6 — ¥, () has two derivatives, at which point the proof of asymptotic normality
proceeds pretty much the same as how we proved asymptotic normality for MLEs a few weeks ago. Instead,
we won’t assume the existence of a second derivative, replacing it with a Lipschitz continuity condition:
there is a measurable function 1) with Pt? < oo such that for every 0y, 6 in a neighborhood of 6y, and each
z,

146, () — o, ()| < () ]|61 — b2 - (12.1)

Theorem 12.1. For each 0 in an open subset of R¥, let x + bg(x) be a measurable vector-valued function
satisfying (12.1). Assume the following of the map 6 — Pig: it has a zero at 0y, that Pl ||> < oo, and it
is differentiable at Oy, with invertible derivative matriz Vy,. If Pn’(/Jén = 0p(n_1/2) and 6,, — 0y, then

V(b — 6p) = =V, ! 21/190 ) +op(1), (12.2)

which implies that
V(0 = 00) ~> N (0, Vi, " P(way,) (Vg, ) T) - (12.3)
Proof. First, let’s establish something easy:
V(Putbe, = Pia) ~ Nis(0, Vg P(tay,) (Ve ) ) -
This follows from the fact that ingo — Py, = 0 (by the LLN), the CLT and delta method.

Next, van der Vaart tells us that the consistency of 6,, and the Lipschitz condition (12.1) imply that
Vi(Botps — Py ) = v/n( Py, — Pibg,) = 0. (12.4)

We have to take his word for this because establishing it requires (again) tools from Chapter 19. But we can
sort of see how it might work in the case that we have a nonrandom sequence 6,, — 6y. First, note that for
fixed nonrandom 6,,,

E[Vn(Puie, — Piy,)] = E[Vn(Patbs, — Pog,)] =0, and  Pllye, — va,l|* < PY?(|6, —bo]|* =0 .



The second term bounds the variances, which therefore converge to zero.

Since \/ﬁﬁnwé = op(1) by assumption and Pig, = 0, we can write

Vi(Paty — Py ) = (P, — Py ) +op(1) .
Since Py is differentiable at 6y, this becomes

Vi(Batpy, — Py, ) = ViV (B0 — 0,) + 0p (1 +v/nl|6o — 0, ])) -

On the other hand, (12.4) implies that \/n(Pnibg — Pibg ) = Vi(Pathg, — Pibg,) + op(1), the previous

equation becomes

V(Patba, — Pibo,) + 0p(1) = iV, (80 — 0) + 0p (1 + Vo — Oa])) - (12.5)

We're almost there, but we need to show that the error term op(yv/n||6o — 6,||) doesn’t blow up. We can
do so by showing that /7|6y — 0,]| = Op(1) (i.e., it is bounded in probability). (See the activity below.)
This has a name: 0, is \/n-consistent. Omne of van der Vaart’s rules of calculus for op and Op is that
op(Op(1)) = op(1), from which our result will follow.

Going back to (12.5), multiplying by Vggl yields
V0, —6y) = *ngl\/ﬁ(ﬁ’nwo — Ppg,) +op(1),
which is (12.2). O

Activity 12.1. Finish the proof by showing that v/n||6y — 0,] = Op(1).

Hint: Recall that if a sequence X,, converges in distribution then it is bounded in probability.

1. Asymptotic normality of M-estimators
Recall that én is an M-estimator if it maximizes
ane ,

which in the limit Pmyg is assume to be maximized at 8y. For the next theorem, we assume that 6 — Pmg
admits a second-order Taylor expansion

1
Prmg = Pmg, + 5(0 = 05) Vo, (0 = 0) + o([|0 — 60}%) , (12.6)

where Vjp is the second derivative matrix.

Theorem 12.2. For each 0 in an open subset of R¥ let x +— mg be a measurable function. Let 0 — my(z) be
differentiable at 0y for P-almost every x, with derivative mg(x), and such that @ — my satisfies the Lipschitz
condition (12.1) for some bounding function m(x). Moreover, assume that 0 — Pmg admits a second-order
Taylor expansion (12.6) at a point of mazimum 0y, with invertible symmetric second derivative matriz Vp, .

If ané > supy Pyme — op(n~! and 6 - 0y, then
R 1 &
V(0 — 00) = fveolﬁgmgo(xi) +op(1), (12.7)

which implies that

V(B = 00) ~ Ni(0, Vo Plring g, ) (Vi) - (12.8)



Proof. The proof relies on two technical lemmas proved elsewhere (one in Chapter 19 (again!) and one near
the end of Chapter 5). The first is that for every random sequence h,, that is bounded in probability,

\/’E(PH [\/ﬁ(mﬂo-&-hn/\/ﬁ - meo) - h;lz—m%] - P [\/ﬁ(m90+hn/\/ﬁ - meo) - hr—:mao]) 0.

Secondly, /n]|6,, — 6o|| = Op(1). With these in hand, we can complete the proof.
First, using the second-order Taylor expansion of Pmy, we can rearrange the previous equation as

1 ~ . .
nPn(m90+h”/\/ﬁ —mg,) = §hIV90hn + \/H(Pnhzmgo - Phlmgo) +op(1).

Because h,, = \/ﬁén — 6 is bounded in probability and h, := —Vej\/ﬁ(ﬁnm% — Prig,) converges in
distribution (and therefore is also bounded in probability), this holds for each of them. Note that 6y +
hn/v/n = 0,. Plugging these in, we get

nP"(mén —mep,) = thVeohn + \/H(Pnh;[mgo — Phlmgo) +op(1)

1 A . _ 5 . .
(Mg, 1, i = M00) = =5V Patita, = Priva ) "V, 'v/n(Patita, — Piing,) + o (1)

By assumption, 6,, approximately maximizes 6 — ang, so the LHS of the first equation is greater than the
LHS of the second, up to error of op(1l), and therefore the same holds for the RHS. Taking the difference
and completing the square, we get

i _ 5 . - _ - .
5(hn + Vo, 'n(Puting, — Privg, )" Vi, (hn + V. '/n(Prrng, — Ping,)) 4+ op(1) > 0.

Since 0y maximizes Pmy, and the matrix of second derivatives Vj, is invertible, it must be strictly negative
definite. Therefore, the quadratic form must converge to zero in probability, and the same must be true for
V(0 — o) + Vg, ' /n( Pating, — Pring, )|l

Summing up, v/n(0, —0y) = —Vezlx/ﬁ(an@O — Pring,) +op(1). Since Prig, = 0, the CLT and delta method
yield the asymptotic normality. O

Exercise 12.1. Apply the previous theorem to the sample median of X1, ..., X,, with CDF F and PDF
f to show that it is asymptotically normal with variance 1/(2f(6p))?.

Hint: The sample median is also the M-estimator for mg(z) = |z — 0| — |z|.
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